Abstract. In this paper, from an arbitrary smooth projective curve of genus at least two, we construct a non-Gorenstein Cohen-Macaulay normal domain and a nonfree totally reflexive module over it.
Introduction
About fourty years ago, Auslander [1] introduced a homological invariant for finitely generated modules over a noetherian ring which is called Gorenstein dimension, or G-dimension for short. He developed the theory of G-dimension with Bridger [2] . So far, G-dimension has been studied deeply from various points of view; the details can be found in the Christensen's book [5] .
Modules of G-dimension zero are called totally reflexive. Any finitely generated free module is totally reflexive. Over a Gorenstein local ring, the totally reflexive modules are precisely the maximal Cohen-Macaulay modules, and hence there exists a nonfree totally reflexive module unless the ring is regular. Over a non-Gorenstein local ring, on the other hand, it is difficult in general to confirm whether there exists a nonfree totally reflexive module or not. Yoshino [8] shows that no CohenMacaulay non-Gorenstein local ring with minimal multiplicity admits a nonfree totally reflexive module, and gives a characterization of artinian local rings of Loewy length three having nonfree totally reflexive modules. However, for other cases, it is not so easy even to make a nontrivial example of non-Gorenstein rings over which there exist nonfree totally reflexive modules.
The purpose of this paper is to construct a non-Gorenstein Cohen-Macaulay normal domain having a nonfree totally reflexive module from any given smooth projective curve of genus at least two; the following theorem is the main result of this paper. Theorem 1.1. Let C be a smooth projective curve of genus g over an algebraically closed field k. Then the following hold.
(1) There exists a Weil divisor D on C of degree g + 1 such that the associated invertible sheaf O C (D) is generated by global sections and satisfies
We should note that in the above theorem R is not Gorenstein whenever g is more than or equal to 2.
In the next section, we will give the definition of a totally reflexive module, and prove the above theorem.
Proof of the theorem
We start by recalling the definition of a totally reflexive module. Definition 2.1. Let R be a commutative noetherian ring, and M a finitely generated R-module. We say that M is totally reflexive if the following two conditions hold:
Here, we establish the notation which will be used throughout the rest of this section. Let k be an algebraically closed field, and C a smooth projective curve of genus g over k. Let O C denote the structure sheaf of C, ω C the canonical sheaf of C, and K C a canonical divisor on C. For a coherent sheaf F on C and an integer i,
for each open subset U of C. Now, let us prove the first assertion of our theorem.
Proof of Theorem 1.1 (1) . Let D be a divisor on C of degree g+1, and let
, and write E = P 1 + P 2 + · · · + P g−2 , where each P i is a closed point. Then D is linearly equivalent to K C + P − (P 1 + P 2 + · · · + P g−2 ), where P, P 1 , P 2 , . . . , P g−2 run over all closed points. Let Pic g+1 (C) be the linear equivalence class of the divisors of degree g + 1 on C, and let φ : C g−1 → Pic g+1 (C) be the morphism of algebraic varieties sending (P, P 1 , P 2 , . . . , P g−2 ) to the linear equivalence class of
. Since dim C g−1 = g − 1 and dim Pic g+1 (C) = g, the morphism φ cannot be surjective. Thus, if we take D from outside of the image of φ, then H 1 (L(−P )) = 0 for all closed points P , where
On the other hand, from the exact sequence 0
is generated by global sections. Thus, the proof of the first assertion of our theorem is completed.
Next, we consider the second assertion of our theorem.
. Then R is a 2-dimensional graded normal domain, and M is a finitely generated graded R-module; we have R n · M m ⊆ M n+m and M n · M m ⊆ R n+m+1 for any integers n, m. Since L is generated by global sections and h 0 (L) = 2, we have an exact sequence
Lemma 2.2.
(1) For any divisor E on C of degree at least 2g − 1, one has
Proof. (1) It follows from the Serre duality theorem that there is an isomorphism
(2) From (2.1.1) we obtain an exact sequence 0
is a surjective homomorphism. Indeed, if n = 0, then η is an isomorphism since L is generated by global sections. (1) . Therefore, in any case the homomorphism η is surjective, and we obtain an exact sequence 0
Since m ≥ 1, the divisor 2mD has degree 2m(g + 1) ≥ 2g − 1, and
and
Therefore we obtain Hom
Now we can prove the second assertion of our theorem.
Proof of Theorem 1.1 (2) . Take the direct sum of copies of the first exact sequence in Lemma 2.2(2), and we obtain an exact sequence
of graded R-modules. Therefore there is an exact sequence
and the R-dual of this sequence is also exact by Lemma 2.2(3). It follows that M is a totally reflexive R-module. Noting that α, β form a k-basis of H 0 (L) and using the exact sequence (2.2.1), we easily see that the R-module M is nonfree of rank one.
On the other hand, Lemma 2.2(2) gives a series of surjective homomorphisms
We easily see that any element of R n is described as a linear combination of nth powers of elements of R 1 over R 0 = k. This means that R is a standard graded k-algebra. Now, we prove that the ring R has (Cohen-Macaulay) type g. Let K be a canonical module of the Cohen-Macaulay ring R. Then we have
. It is enough to show that the R-module K is generated by elements of degree zero. In fact, note that
⊕g by Serre duality. Hence if the statement is shown, then K is generated by a k-basis of K 0 as an R-module, and we can conclude that the minimal number of generators of the R-module K is equal to g, equivalently, R has type g.
Tensoring ω C ⊗L ⊗2n−1 with the exact sequence (2.1.1), we get an exact sequence
From this we obtain an exact sequence
(n−1) ) = 0 for n ≥ 2 by Lemma 2.2(1), and get a surjective homomorphism
Tensoring ω C ⊗ L ⊗2n−2 with (2.1.1) and making a similar argument, we obtain a surjective homomorphism
The exact sequence (2.1.1) also gives an exact sequence
Using the Serre duality theorem, we get
. Therefore the homomorphism q in the above exact sequence is an isomorphism, and thus p is the zero map. It follows that −→ H 0 (ω C ⊗ L) is an isomorphism.
Moreover, from (2.1.1) we obtain the following two exact sequences:
that M/(x, y)M is a nonfree totally reflexive R/(x, y)-module. Hence, according to [8, Theorem 3.1] , the ring R/(x, y) has type g, and so does the ring R.
(3) It is seen from the exact sequence (2.2.2) that all the Betti numbers of the R-module M are equal to two. This especially says that M has finite complexity, hence M has lower complete intersection dimension zero; see [6] or [3] for the details.
